ANY FLAT BUNDLE ON A PUNCTURED DISC HAS AN OPER 

STRUCTURE 



EDWARD FRENKEL AND XINWEN ZHU 

Abstract. We prove that any flat G-bundle, where G is a complex connected re- 
ductive algebraic group, on the punctured disc admits the structure of an oper. This 
result is important in the local geometric Langlands correspondence proposed in 
|FG) . Our proof uses certain deformations of the afflne Springer fibers which could 
be of independent interest. As a byproduct, we construct representations of affine 
Weyl groups on the homology of these deformations generalizing representations con- 
structed by Lusztig. 



1. Introduction 

Let G be a connected reductive algebraic group over C, g = Lie(G). Let F = C((t)) 
and O = C[[t]]. In this note we prove that every flat G-bundle on the formal punctured 
disc = SpecF has an oper structure. This proves Conjecture 10.1.1 of [Frlj (see 
also |Fr2j . Conjecture 1). 

By definition, a flat G-bundle (equivalently, de Rham G-local system) on is a 
principal G-bundle on with a connection, which is automatically flat. In concrete 
terms, the set of isomorphism classes of flat G-bundles is the quotient 

(1) Locg(D^)=0(F)/G(F), 

where G{F) acts on its Lie algebra q{F) by gauge transformations as follows: 

(2) Gag{A) = AdgiA) - {dtg)g-\ for A G 0(F), g e G{F). 
The meaning of the expression 

(3) d\og{g) := {dtg)g-^ 

as an element in q{F) is spelled out, e.g., in [Frl] §1.2.4. 

Let S C G be a Borel subgroup. We recall |BDj that a G-oper is a flat G-bundle with 
a reduction to B satisfying certain conditions. Let us describe the set of isomorphism 
classes of G-opers on in concrete terms. Choose a maximal torus T d B and let 
t C b be the corresponding inclusion of Lie algebras. Let If be the set of vertices in 
the finite Dynkin diagram corresponding to G. Let ctj G t*,i € If be the set of simple 
roots and X^^^ G S-Oi be a non-zero root vector corresponding to — aj. (Here, for a 
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root /3 G t*, we write 0^3 for the corresponding root subspace of g.) Then the space of 
G-opers on is the quotient 

(4) Opf,(D^)= jg^iX.^^+i- ^^J,eF>',v€b{F)^^ BiF), 

where the action of B(F) is given by ([2]). Note that if G is semisimple of adjoint type, 
then T{F) acts simply transitively on the space of the E If. Hence the quotient 
dl]) is isomorphic to 



V € b{F) } / N{F), 



(5) OpGiD'<)= { Y.X^^^ + v 

ieif 

where = [B, B] is the unipotent radical of B. 
There is an obvious forgetful map 

(6) OpgP")^Locg(Z?^), 

taking the B(F)-gauge equivalent classes to G(F)-gauge equivalent classes. 
The main result of this note is 

Theorem 1. The map ([6]) is surjective. 

This statement is important in the local geometric Langlands correspondence devel- 
oped by D. Gaitsgory and the first author [FGj (see |Frl] for an exposition). According 
to [FG], to each flat ^G-bundle a on one should be able to assign a category Co- 
equipped with an action of the formal loop group G{F) (here is the Langlands dual 
group of G, which in this paragraph is assumed to be a simply-connected semisimple 
complex algebraic group, so that ^G is of adjoint type). These categories should satisfy 
some universality property. In [FG] a candidate for Co- was proposed. Namely, let x be 
a pre-image of a in 0])lq{D^) under the map ([6]), with G replaced by ^G (provided 
that it exists). Then should be equivalent to the category of modules over the affine 
Kac-Moody algebra g of critical level with central character determined by x- This 
category is equipped with a natural action of G{F). However, for this prescription to 
work for all a it is necessary for the map ([6|) to be surjective. 

Remark 1. A flat G-L„-bundle on is the same as a rank n vector bundle J- on 
with a connection V. (J-", V) has an oper structure if and only if there exists 
4> G T{D^ , F) such that cj), Vcf), . . . , V"~^(/) generate F. Such is called a cyclic vector 
of (J^, V). Therefore, the statement of Theorem [T] for G = GLn means that any flat 
rank n vector bundle on has a cyclic vector. This statement is proved in [D], pp. 
42-43. 

Remark 2. Let us recall Kostant's theorem |Koj . Set f = -^-ai- Kostant proved 
that every regular orbit of g intersects with / + b. In other words, the map 

{f + v\ve bj/A^^g^^VC 

is surjective (in fact, an isomorphism), where q^'^^/G denotes the GIT quotient. There- 
fore, Theorem [1] may be viewed as an analogue of Kostant's theorem for connections 
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on the punctured disc (compare with formula ([5])). An important difference is that a 
connection can be brought into an oper form without any regularity assumption. 

Remark 3. The statement anafogous to Theorem [1] for a smooth projective curve X of 
genus greater than zero is known to be false. For instance, if G is of adjoint type, there 
is a unique (up to an isomorphism) G-bundle on X that can carry an oper structure 
(see [BDj §3.5). However, it is expected that any flat G-bundle on X has an oper 
structure with regular singularities at finitely many points. 

Acknowledgments. We thank D. Arinkin for suggesting a simpler proof of Proposi- 
tion [6l E.F. thanks Fondation Sciences Mathematiques de Paris for its support and the 
group "Algebraic Analysis" at Universite Paris VI for hospitality. X.Z. thanks Zhiwei 
Yun for useful discussions. 

2. Proof of the main theorem in the case when Ar is regular nilpotent 

We begin our proof of Theorem [TJ Let A € q{F). By taking r small enough, we can 
always assume that A may be written as 

A = Arf + Ar+if^^ H , r < -1, Ar \s nilpotent. 

Here A^ can be zero. First, we have 

Lemma 2. If A^ is regular nilpotent, then there exists some g G G{0) such that Ga,g[A) 
is an oper. 

Proof. Without loss of generality, we can, and will, assume that A^ = f = X^ie/f "^-"^ ■ 
Let e G b be the unique element such that {e, 2p, /} is a principal s[2-triple. Let be 
the centralizer of e in g. Let G'^^^O) be the first congruence subgroup of G'(O), i.e. 
the kernel of the evaluation map G{0) — )■ G. We prove that there is some g G G^^^ (O) 
such that Ga,g[A) G /f + Q^{F), which is in the oper form. 

According to representation theory of SI2, we have g = 0'^ + ad/(g). Therefore, there 
exists G such that A^+i + [Xi, /] G Q^. Let 171 = exp(tXi). Since r < —1, 

Ga,,(^) = ff + {Ar+i + [Xi,f])f+^ + Ar+2f^^ + ■■■ ■ 

Next, there exists some ^2 G g such that + [^2,/] S Q^- Let 52 = exp(t^X2). 

Again, since r < — 1, 

Gag,(Ga,,(^)) = ff + {Ar+i + [XiJ])f+^ + (A+2 + [^2, f])f^^ + Ar+^f+'' + • • • 

By induction, we can find 51, . . . ,gk-i such that the coefficients of t^"*"^, . . . of 
G^gk-i ' ' ' G^gii^) are in g^. Let A^+k be the coefficient of t^"*"^ in Gag^_-^ ■ ■ ■ Gag-^^{A). 
Let Xk G such that Ar+k + [Xk, f] G 0*^ and let gk = exp(t'^Xfc). Then the coefficient 
of t"^^^ in Ga^j, • • • Ga^^ (A) belongs to 0*^, while the coefficients of t^, . . . , remain 
unchanged. Let g = • • • gk - ■ ■ g29i- This is a well-defined element in G^^\0) which 
satisfies the requirement of the lemma. □ 

Remark 4. Let Ar be an arbitrary regular element of 0. By Kostant's theorem (see 
Remark [2]), we can assume, without loss of generality, that Ar = f + v,vGb. By 
a slight modification of the above argument, we can then also prove that there exists 
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g € G^^\0) such that Gag{A) is an oper. Thus, we obtain a simple proof of the 
statement of Theorem [T] in the case when the leading term Ar is regular. The real 
challenge is to prove that it holds even without this assumption. □ 

By the previous lemma, in order to prove Theorem [J it suffices to prove that there 
exists g £ G{F) such that B = Gag{A) = Brf + Br+if~^^ + ■■■ , with Br regular 
nilpotent. Recall that we are under the assumption r < —1. The rest of this paper is 
devoted to proving this fact. 

3. Deformed affine Springer fibers 

li A = Art^ + Ar+if~^^ + • • • with Ar 7^ 0, we call r the order of A, and sometimes 
denote it by ord(^). Let 

MA = {ge G{F) I ord(Gag-i(A)) > ord(^) = r}. 

This is a subset of elements g of G{F) which is the set of solutions of certain algebraic 
equations on the coefficients of g. Hence it is clear that it is the set of points of an ind- 
subscheme of G{F). It is clearly invariant under the right multiplication by elements 
of the subgroup G{0). Therefore the quotient 

Ya := Ma/G{0) 

is a well-defined closed ind-subscheme of the affine Grassmannian Or = G{F)/G{0). 
We call it the deformed affine Springer fiber associated to A. 

Let us explain this terminology. Set A = A £ q{0). For A G C, let 

Yj^^ = {g£ Ad,-i(I) - Xt'^'dlogig-') € 9{0)}/G{0), 

where dlog{g) is defined as in ([3]). Then Y^ = Ya, and Y^q is the affine Springer fiber 

of A defined by Kazhdan and Lusztig in |KL2] (see also [GKMlj ). Let us first show 
that 

Lemma 3. For any gG{0) € Ya, 

{Mg^.[A) - t-^dlog(<7-i) mod t) G 0(O)/ts(O) = 

is nilpotent. 

Proof. Let T be the maximal torus of G whose Lie algebra is t. Let X^{T) be the 
coweight lattice of T and X*(T)+ be semi-group of dominant coweights. Each A G 
Xtf{T) defines a point t'^ G T{F) C G{F). We have the Birkhoff decomposition 

G{F) = y GiO)t^G{0). 

X€X4T)+ 

Let g G G{F) be as in the lemma. We can write it as 5 = git^g2 for 91,92 £ G{0) and 
a dominant coweight A. Then we have 

Ga i(B) = Ga,,Ga^,(A). 



ANY FLAT BUNDLE ON A PUNCTURED DISC HAS AN OPER STRUCTURE 



5 



It is clear that 

C = Ga.g, {A) = Crf + Cr+if^^ + • • • , 
D = Ga^-i {B) = Drf + Dr+if+^ + ■■■ , 

with Cr nilpotent. We need to show that Dy. is nilpotent. 

Let = X^0i be the weight decomposition of q with respect to A. Then 0>o := 

i 

Z^i>o0« is ^ parabohc subalgebra of g, and 0>o := X^j>o0i is its nil-radical and go is a 
Levi subalgebra. Similarly, one has g<o and g<o. We observe that X = Xq + X>o G 
0o + 0>o (resp. X = Xq + X^q G 0o + 5<o) is nilpotent in g if and only if is nilpotent 
in 00. 

Now since D = Ga^xiC), we know that Cr G 0>o and Dr G 0<o- Furthermore, 
if we decompose Cr = C + C" with C G 0o,C" G 0>o and D = D' + D" with 
D' G 00, D" G 0<o, then C = D'. Since Cr is nilpotent, C" = D' is nilpotent. Therefore 
Dr is nilpotent. □ 

By Lemma O Theorem [1] holds if there is a point gG{0) G Ya such that the above 
element is regular nilpotent. Such a point gC{0) is called a regular point of Ya (cf. 
|GKM2j ). Therefore, the main theorem follows from 

Theorem 4. If Ar is nilpotent (equivalently, A mod t is nilpotent) and r < —2, then 
Ya has a regular point. 

Let us interpret this theorem more geometrically. Let / be the Iwahori subgroup 
of G{F), i.e. the pre-image oi B d C under the evaluation map G{0) — )• G, and 
J- a. = C{F)/I be the affine flag variety. Without loss of generality, we can assume that 
A mod t G n, where n is the nil-radical of b. Let 

Xa = {5 G G{F) I Adg-i(I) - t-''d\og{g-^) G Lie/}// G Fi. 

There is a natural projection vr : Xa — > Ya- The following lemma is clear. 

Lemma 5. A point p = gC{0) £ Ya is a regular point if and only if ir^^ip) consists 
of a single point. 

Observe that to prove Theorem HJ it is enough to prove that Ya H Gr*^ has a regular 
point, where Gr*^ is the neutral component of Gr. Let G be the simply-connected 
cover of the derived group of G, and write A = Aq + Ai, where ^0 G Lie(Z(G)°)(F) 
{Z{G)^ being the neutral component of the center Z{G) of G) and Ai G Lie{G){F). 
Then Ya H Gr*^ is (topologically) isomorphic to Ya^ , and Xa n is (topologically) 
isomorphic to Xai ■ In addition, the projection J^£^ — > Gr*^ is (topologically) isomorphic 
to the map FIq — )• Gr^, where FIq (resp. Gr^) denotes the affine flag variety (resp. 
affine Grassmannian) of G. Therefore, the map XaHF^ Ya nGr° is (topologically) 
isomorphic to Xai — >• Yai ■ Then according to Lemma [5l it is sufficient to prove 
Theorem [4] for connected simply-connected semisimple algebraic groups. Hence, from 
now on, we will assume that G is a connected simply-connected semisimple algebraic 
group. 
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An analogous statement for non-deformed afHne Springer fibers has been proved in 
[KL2j §4. By imitating their proof, we find that it is sufficient to prove two propositions. 
The first one is the following: 

Proposition 6. Ya is finite- dimensional. 

Next, we formulate the second proposition. Recall that the affine Weyl group VFaff of 
G{F) acts on H^,{Tt} (cf. [Ka] §2.7), where stands for the Borel-Moore homology. 

Proposition 7. Assume that Aj. is nilpotent (possibly, equal to zero) and r < —2. 
Then the image of H^{Xa) — > H^,{Tt) is invariant under the action of the affine Weyl 
group Waff. 

For the sake of completeness, let us repeat the argument from |KL2| §4 that shows 
how the above two propositions imply Theorem [H 

Let d = dim Xa (it is finite by Proposition ^ . Let X be an irreducible component 
of Xa of dimension d. Denote by [X] £ H2d{J^i) the homology class represented by X. 
Then [X] 7^ by loc. cit. §4, Lemma 6. Let Va be the image of H2d{XA) H2d{^tj. 
Then Va is generated by these [X]. By Proposition [3 Va is a subrepresentation of 
the representation of VFaff on H2diJ~^)- By loc. cit. §4, Lemma 8, Va has a non-zero 
invariant vector under the action of the finite Weyl group W{ C VFaff- For i £ I^, let Pi 
be the parahoric subgroup of G{F) with Lie algebra LiePj = Lie/ -|- Q-ai- Let J^ii be 
the partial affine flag variety of parahoric subgroups of G{F) which are conjugate to 
Pi, and TTi : — > Tli be the projection. Assume that Ya does not contain a regular 
point. Then for any p = gl G Xa, (Adg-i(^) - t'^'dlogig'^) mod t) is an element 
of n (by Lemma [3]) which is not regular, and therefore is contained in the nil-radical 
of some parabolic subalgebra pi = b + Q-at, i S /f- In this case, for any g' G gPi, 
{Adgi-i(A) — t~^dlog{g'~^) mod t) is also contained in n (in fact, in the nil-radical 
of pi) and therefore ■7r~^(7ri(p)) C Xa- For each d-dimensional irreducible component 
X C Xa, let Xi, i G /f be the closed subset of points p on X such that T^^^iTTi{p)) C Xa- 
Then X = Ujg/jXj. Since X is irreducible, X = Xi for some i, i.e., there exists some 
i £ If such that X = TT^^{7ri{X)). Let Tg- be the corresponding simple reflection in Wf, 
which acts on H2d{^t}. Then (Id + T<j-)[X] = 0. Now let T = X^uieWf '^w- Since for 
any i £ If, T = Qi(ld + Tg-), we find that T[X] = for any d-dimensional irreducible 
component X C Xa- Therefore, TVa = 0, which contradicts the fact that Va has a 
non-zero invariant vector under the action of Wf. 

In the remaining part of this note we prove Propositions [6] and [7] about the deformed 
affine Springer fibers. We also discuss the action of the affine Weyl group on H^,{Xa)- 

4. Proof of Proposition [6] 

We begin with the proof of Proposition [6l Recall the definition of Ma from the 
beginning of last section. For any g £ Ma, we consider the following C-vector space 

Tg = {Xe Q{F)\dtX + [B,X] G t^Q{0)}/Q{0) 

where B = G&g-i{A). Observe that if g' = ggi with gi G G{0), then B' = Gag,~i{A) = 
Ga -1 (B), and there is a canonical isomorphism : Tg = Tgi given by X 1— > Ad -1 (X). 
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Therefore, Tg is canonically attached to every gG{0) G Ya- From the definition of Ya, 
it is clear that Tg is canonically isomorphic to the tangent space of Ya at gG{0). We 
claim that the dimension of this C-vector space is < (— r)dim0. This proves that the 
dimension of Ya is < (— r) dimg. 

We regard q{F) as a vector space over F, with a connection Vt = dt + ad(S). Then 
Tg = V^^(t''g(C')) /q{0). Now the claim is a direct consequence of the following lemma, 
whose proof was suggested to us by D. Arinkin. 

Let (y, V) be a finite-dimensional vector space over F with a connection. By an 
O- lattice in V we understand a finite generated O-submodule L oi V such that the 
natural map L ®o F — )• y is an isomorphism. By a lattice in V we understand a 
C-subspace in V that is commensurable with an O-lattice. 

Lemma 8. For any lattice L C V, V^^(L) is also a lattice of V, and the relative 
dimension ofV^^{L) to L is 

[V^{L) : L] := dim— ^— - dim — — ^- < 0. 

Remark 5. This lemma is an easy consequence of Deligne's theory of "good lattices" 
for connections (cf. [Dj pp. 110-112), as we learned from D. Arinkin. However, to prove 
the existence of "good lattices", Deligne used the existence of the cyclic vector for 
(y, V) (cf. Remark [T]). Therefore we prefer to avoid using these results in the proof of 
our theorem. 

Proof. We first recall that the connection (F, V) is said to be in the canonical form 
(with respect to some F-basis e of y), if it looks as follows: 

dt + Hif^ + H2f'' + ■■■+ Hrat''"^ + 

where ri < r2 < • • • < < —1, Hi are diagonal matrices, X is an upper triangular 
matrix, and [-ffi,X] = 0. It is proved in (BY], §6 that, possibly after a finite field 
extension E/F, for every connection {V, V), there exists some (ii'-)basis e oiV^pE, 
such that this connection is in a canonical form with respect to this basis. 

Now we begin to prove the lemma. Assume that diml/ = n. Let E = F{t^/'^) be 
a finite extension of F and an ii^-basis e oiV (^p E such that the connection V with 
respect to this basis is in the canonical form. Let A = Oe^, where 0_e is the integral 
closure of O in E. A is a lattice of F (8>i? -E. Since the connection is in the canonical 
form with respect to e, we have: 

(7) V-^(t^A) C t^'+^A + Sol, for any k, 

where Sol C V E is the kernel of V (that is, the solution space of V). Note that 
dimc(Sol) < n. 

Set M = A n y inside V (g)FE. Then M is a lattice in V. By ([7]), 

[V'\t''M) : t^M] < 0, 

because the codimension of t^~^^M in F n {t^~^^A + Sol) is at most n. 

Finally, we can prove the statement. Indeed, take any lattice L and choose k such 
that L^t'^M. Since 

dim{L/t''M) > dim{V-^ L/V-\t''M)), 
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the statement follows. 

□ 

Remark 6. Observe that the tangent spaces for the non-deformed affine Springer 
fiber are never finite-dimensfonal (even for regular semisimple elements in q{F)). This 
is because the non-deformed afiine Springer fiber of a regular semisimple element is 
highly non-reduced and has infinitely many "nilpotent directions" . 

5. Proof of Proposition [7] 

Let /aff = -^fUi^o} be the set of vertices in the affine Dynkin diagram for G{F), 
with Iq corresponding to the affine vertex. Denote by Tg. to the simple reflection 
corresponding to the vertex i G laff. It is enough to construct, for each i, an involution 
(Tj : H^{Xa) —5- H^{Xa) such that the natural map j : H^,[Xa) —5- H^{Ti) satisfles 

j{(Ti{x)) = TsJix). 

Let Aut°(i:>) be the group of automorphisms of D = SpecO. It is an extension of 
Gm by a pro-unipotent group Aut^(Z)) (see, e.g., [FBj §6.2). The Lie algebra Der''(L>) 
of Aut*^(-D) is topologically spanned by {t^dt;n > 1} and the Lie algebra Der^(Z)) of 
Aut'^{D) is topologically spanned by {t"'dt; n > 2}. Aut''(-D) acts on G{F), and we can 
form the semi-direct product G{F) xi Aut''(D). We have 

Lie(G(F) X Aut°(L>)) = 0(F) Der°(L>) as vector spaces. 

Obviously, the action of Aut^(Z)) on G{F) leaves G{0) invariant. Therefore, it acts 
on Gr. We thus obtain an action of G{F) xi Aut^{D) on Gr. In a similar fashion, 
G{F) X Aut^{D) acts on all the affine (partial) ffag varieties of G{F), as is seen from 
the following lemma. 

A standard parahoric subgroup of G{F) is a parahoric subgroup of G{F) that con- 
tains /. For i G /aff, let Pi be the standard minimal parahoric subgroup corresponding 
to i. 

Lemma 9. The action of Aut^{D) on G{F) leaves I,Pi,i S /aff invariant and therefore 
leaves all standard parahoric subgroups of G{F) invariant. 

Proof Write G{0) = G'-^\0)G. The action of Aut^{D) on G{0) leaves G^^\0) in- 
variant and fixes G. Since, / and Pi,i G If are pre-images of subgroups of G under the 
evaluation map G{0) — >• G, they are invariant under the action of Aut^(L>). It remains 
to show that Pig is also invariant under the action of Aut'^(-D), where io is the affine 
vertex in the affine Dynkin diagram of q. 

We have LiePj,, = Lie! + t~^gg, where Qg the the root space corresponding to the 
highest root 9. It is clear that [Ber'^ (D) , t~^ Qg] C i~^C[[t]]fle C LiePi(,. Therefore, the 
action of Aut^{D) also leaves Pi^ invariant. Since the standard parahoric subgroups 
are generated by some of the Pi's, the lemma follows. □ 

Thus, elements in the Lie algebra Lie(G(-F) x Aut^{D)) act on these affine (partial) 
flag varieties by vector flelds. The zero sets of these vector flelds are nothing but 
our deformed affine Springer fibers! The reason is the following. The group G{F) 
acts on Lie(G(F) x Aut'^(Z))) via the adjoint representation. Let us denote this adjoint 



ANY FLAT BUNDLE ON A PUNCTURED DISC HAS AN OPER STRUCTURE 



9 



representation by Ad to distinguish it from the adjoint representation of G{F) on q{F). 
Let 

{A,t-'^dt) £ QiF)®Der:^{D), r < -1. 

We have 

Lemma 10. For g £ G{F), Adg{{A,t-'dt)) = (AdgiA) - t-'idtg)g-\t-'dt). 
Proof. Let B e q{F). We have 
[Mg{{A,t-'-dt)),B] = Adg[iA,t-'dt),Adg-r{B)] 

= [Adg{A),B]+Adg[t-^dt,Adg-i{B)] 

= [AdgiA),B]+Adgi[t-^dtig-')g,Adg-,iB)]+Adg-iit-''-dtB)) 

= [{Adg{A) -t-\dtg)g-\t-^dt),B]. 

Since g is semisimple, this identity imphes the desired formula. □ 

Therefore, if A, r are as in the assumption of Theorem [H we obtain that the reduced 
algebraic variety X^^'^ C Fi underlying Xa is the zero set of the vector field on F£ 
obtained by the action of {A, t'^'dt) G Lie(G(F) x Aut°(L>)). Likewise, Y^J;"^ C Gr is the 
zero set of the corresponding vector field on Gr. Let Fii = G{F)/Pi, and tTj : Fi Fii 
be the projection. This is a P^-fibration. We will also define to be the zero set 
of the corresponding vector field on F£i. It is clear that the projection vTj : Fl Fii 
restricts to VTi : X'^'^ X'^j. 

Now, under the assumptions of Theorem^ r < —2, and A E Liel^, where = [I, I] 
is the pro-unipotent radical of /. Therefore, 

(At-'^dt) G Lie/° e Der+(D) = Lie(/° x Aut+(D)). 

Since xi Aut+(Z)) is pro-unipotent, the vector field on F£ (resp., on F£i) gives rise to 
an action of Ga on Fi (resp., on Fii). Furthermore, the projection vTj : F£ Fti is G^- 
equivariant. Now is just the fixed point set of this Ga action on Fii. Therefore, 
there is a fiberwise Ga-action on 7r~^(Ar^^), which is a P-^-fibration over ^^f, and 
X^'^ is just the fixed point set. Now the construction of [KLl] §2 gives us the desired 
involution (jj : H^{Xa)- 

This completes the proof of Proposition [7] and hence of Theorem [H Therefore The- 
orem [T] is now proved. 

6. The action of the affine Weyl group on H^{Xa) 

We continue to assume that G is a connected simply-connected semisimple complex 
algebraic group. Let A be a regular semisimple nil-element in q{F), i.e., (ad^)^ — )• if 
r — >■ oo, as defined in |KL2] §2. According to loc. cit., this is equivalent to the property 
that A is conjugate to an element of q{0) whose reduction modulo t is a nilpotent 
element of q. Let Sp^ be the non-deformed affine Springer fiber of A in Fi. In |Lu| 
§5, Lusztig constructed an action of Waff on H^{Spa). We show in this section that a 
similar construction can be applied to obtain an action of W^s on the homology of the 
deformed affine Springer fibers. 
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Let iA,t-''dt) G Lie/° Der+(L'). We will prove that the homology H^{Xa) itself 
admits an action of the affine Weyl group, where the simple reflection corresponding to 
i will act on H^{Xa) by CTj constructed above. The only new result here is Proposition 
[T2| the counterpart of which for the usual affine Springer fiber is proved in [LuJ §5.4. 

For every J ^ laff, let Pj be the standard parahoric subgroup of G{F), generated by 
Pi, i £ J. This is a pro-algebraic group. Let Pj be its pro-unipotent radical, so that 
Gj := Pj/Pj is a reductive group. Let qj = LieGj. For example, if J = If is the set 
of vertices in the finite Dynkin diagram, then Pj^ = G{0), Pf^ = G'^^\0) and G/j. = G. 
The construction is based on the following 

Lemma 11. Let J ^ laff- Then for any g £ Pj and r < —2 we have t^^ {dtg)g^^ € 
UePy. 

Proof. It is enough to show that in Lie(G(F) x Aut°(Z))), LiePj] C LiePJ. It is 

easy to see that 

t^Q{0) C LiePj^ C LiePj C t"^0(O) 
for any J ^ laff. First we assume that io J- In this case, LiePj C q{0) and 
therefore [t''' dtMaPj] C t^Q{0) C LiePJ*. The lemma holds. Next, we assume that 
J = {io} u J', with J' C /f . Then 

LiePj = LiePj n q{0) + t"^0e-/3, 

/3eA+u{0} 

where Aj, is the set of positive roots for Gji. Clearly, LiePj □0(0)] e LiePj. In 

addition, [t~'^ dt,t~^QB-p\ = t~^~'^9e-i3, which belongs to LiePj. But since t'^'^'^Qp-e ^ 
LiePj, t~^~'^Qo-i3 indeed belongs to LiePj . The lemma follows. □ 

This lemma may also be reformulated as follows: the induced action of Aut^(P') on 
Gj = Pj/Py is trivial. 
Let 

Xa,j = {ge G(P)|Ad,-i(I) - t-'dlog{g-') G LiePj}/Pj C G(P)/Pj 

be the deformed Springer fiber in G{F)/Pj. By Lemma \TT\ this is well-defined. For 
example, if J = If, then Xa,j = Ya- The natural projection ttj : T£ — )• G{F)/Pj 
restricts to a map vrj : Xa — >■ Xa,j- 

Let 0j 0j be the Grothendieck alteration of gj, which classifies pairs consisting 
of a Borel subalgebra of 0j and an element contained in this subalgebra. 

Proposition 12. There is a natural Cartesian diagram 

Xa > [qj/Gj] 



Pj 



Xa,.j [qj/Gj] 

Proof. We first construct the morphisms Xa,.j — )• Qj/Gj. Let Xa,j be the preimage of 
Xa,j under the projection G{F)/Py G{F)/Pj. We have 

Xa,j = {ge G(P)|Ad„-i(I) - t-^dtig-')g e UePj}/Py 
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By Lemma [TTl the map 

gP^ ^ Ad,-i(I) - t-'dt{g-')g mod LiePj* 
is a well define Gj-equivariant map Xa,.j — > 0j- This gives the desired map 93 j : 

Let Xa '■= Xa XXaj ^a,j, so that Xa classifies the pairs {gl,g' Pj),g,g' € G{F) 
such that gPj = g'Pj and 

Adg-i(I) - t-'^dt{g-')g G Lie/, Ad^^-iCl) - G LiePj. 

On the other hand, Xa ■= Xa,j Xgj Qj classifies pairs {gl, g' Pj), g G Pj,g' G G{F) 
such that _ 

Ad3,-i(A) - G Ad3(Lie/) C LiePj. 

Let {gI,g'Pj) G Xa- We find that 
Ad(,,,)-i(I) - t-''dt{{g'g)-'){g'g) = Ad,-i(Ad,,-i(I) - t-^dt{g'-')g') - t-'dt{g-^)g 

is in Lie/. This is because Kdgi-i{A) — t~'^dt{g'''^)g' G Adg(Lie/) and t~^dt{g~^)g G 
LiePy C Lie/ by Lemma dH Therefore, (g'gl^g'PJ) G Xa- Conversely, if {gI,g'Py) G 
Xa, then {g'-^gI,g'Py) G Xa- Therefore, there is a Gj-equivariant isomorphism 

Xa ^ Xa sending igI,g'PJ) ^ (g'-^gl, g' PJ). 
Thus, we obtain a Cartesian diagram 

Xa ^Xa,j ^a,j > 0j 

Xa,j > 0j 

where all morphisms are Gj-equivariant. The proposition follows by taking the Gj- 
quotients. □ 

Let C be the constant sheaf on Xa- Then (vrj)*C = ^Pj{pj)*C. By the Springer 
theory for finite Weyl group, we obtain an action of W^j (the finite Weyl group of Gj) 
on (vrj)*C. Therefore, we obtain a representation of Wj on //*(Xa)- Following the 
argument of [Lu^ §5.5, we obtain that these representations for all J ^ /afr give rise to 
a representation of Wag on H^{Xa)- 

References 

[BV] Babbitt, D.G; Varadarajan, V.S.: Formal reduction theory of meromorphic differential equa- 
tions a group theoretic view, Pacific J. Math. 109 (1983) no. 1, 1-80. 
[BD] Beilinson, A.; Drinfeld, v.: Opera, Preprint math.AG/0501398 

[D] Deligne, P.: Equations Differentielles a Points Singuliers reguliers, Lect. Notes in Math. 163, 

Springer 1970. 

[Frl] Frenkel, E.: Langlands Correspondence for Loop Groups, Cambridge Studies in Advanced 

Mathematics 103, Cambridge University Press, Cambridge, 2007. 
[Fr2] Frenkel, E.: Ramifications of the geometric Langlands program, in Representation Theory and 

Complex Analysis, Lecture Notes in Mathematics 1931, pp. 51-136, Springer Verlag 2008 

(arXiv:math.QA/0611294 ). 



12 



EDWARD FRENKEL AND XINWEN ZHU 



[FB] Frenkel, E.; Ben-Zvi, D.: Vertex Algebras and Algebraic Curves, Second Edition, Mathematical 

Surveys and Monographs 88, AMS, 2004. 
[FG] Frenkel, E.; Gaitsgory, D.: Local geometric Langlands correspondence and affine Kac-Moody 

algebras, in Algebraic geometry and number theory, pp. 69-260, Progr. Math. 253, Birkhauser 

Boston, Boston, MA, 2006. 
[GKMl] Gorcsky, M.; Kottwitz, R.; MacPhorson, R.; Homology of affine Springer fibers m the unram- 

ified case, Duke Math. J. 121 (2004) no. 3, 509-561. 
[GKM2] Goresky, M.; Kottwitz; R., MacPherson, R.: Regular points in affine Springer fibers, Michigan 

Math. J. 53 (2005), no. 1, 97-107. 
[Ka] Kac, V.: Constructing groups associated to infinite- dimensional algebras, in Infinite Dimen- 
sional Groups with Applications, pp. 167 216, MSRI Publications, Springer- Verlag, Berlin, 

1985. 

[KLl] Kazhdan, D.; Lusztig, G.: A Topological Approach to Springer's Representations, Adv. in 

Math. 38 (1980) 222-228. 
[KL2] Kazhdan, D.; Lusztig, G.: Fixed point varieties on affine flag manifolds, Israel J. Math. 62 

(1988) no. 2, 129-168. 

[Ko] Kostant, B.: Lie group representations on polynomial rings, Amer. J. Math. 85 (1963) 327- 
402. 

[Lu] Lusztig, G.: Affine Weyl groups and conjugacy classes in Weyl groups. Transform. Groups 1 
(1996) Nos. 1-2, 83-97. 

Department of Mathematics, University of California, Berkeley, CA 94720, USA 



